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¿What is a black hole?

A black hole is an object that has gravitationally collapsed 
in a full manner.

The properties of a black hole then depend  on what is gravity and how it 
behaves.

Different theories of gravity will yield different black hole models

Newtonian gravity Black stars

General relativity Black holes

Modified 
relativistic gravity Modified 

black holes



Newtonian gravity

Poisson equation

Laplacian

Force

Integrating and applying Gauss theorem

With spherical symmetry:

On Earth surface: g = 9.81 m/s2.



                         

                                  

Newton’s law for two masses

Escape velocity

  

For Earth, the average escape velocity from sea level is 
11.19 km/s (kilometers per second), which is equivalent 
to 40,280 km/h (kilometers per hour).



         

 compactness
M
r

:



Black stars

P.S. Laplace J. Michell

If light is trapped within a body of size v0 = c, rs

Exposition du système du monde, 1796 Philosophical Transactions of the Royal 
Society. 74: 35–57., 1784

"On the Means of Discovering the Distance, Magnitude, &c. of the Fixed Stars, in Consequence 
of the Diminution of the Velocity of Their Light, in Case Such a Diminution Should be Found to 
Take Place in any of Them, and Such Other Data Should be Procured from Observations, as 
Would be Farther Necessary for That Purpose. By the Rev. John Michell, B. D. F. R. S. In a 
Letter to Henry Cavendish, Esq. F. R. S. and A. S."



Black stars are not black holes, because they have a solid surface.  

The Poisson equation for the gravitational potential is not Lorentz 
invariant, and hence incompatible with the current view of physics.



James Clerk Maxwell (1831-1879): electromagnetism

Oliver Heaviside (1850 – 1925)

                                 



Ondas electromagnéticas

                                                    

                                     

                                         





Heinrich Hertz 1857-1894

1887



Tension between classical mechanics and electrodynamics

Hendrik Lorentz (1853-1928)



Ann.Physik 17 (1905), 891-921. 

Albert Einstein

                              

                               

Electrodynamics of moving bodies

Special Relativity



The road to General Relativity

The problem: How to extend special 
relativity so that it can be applied to 
all reference systems and not only to 
inertial ones?

What is it that makes a frame of reference non-inertial?

 Einstein, A., 1908: “Relativitätsprinzip und die aus demselben 
gezogenen Folgerungen (On the Relativity Principle and the 
Conclusions Drawn from It)", Jahrbuch der Radioaktivität 
(Yearbook of Radioactivity) 4: 411–462





A uniformly accelerated system is indistinguishable from 
a system under a uniform gravitational field.

So, gravitation and inertia seem to be two aspects of the 
same phenomenon: a gravito-inertial field.

The Equivalence Principle



Is it then possible to describe gravitation by means 
of a field theory? How to represent that field? 

In 1911 Einstein moved to Prague and there, at 
the German University, he thought hard about 
the problem. He discovers, using the 
Equivalence Principle, that the geometry of 
space cannot be Euclidean in the presence of a 
gravity.

Einstein

Ehrenfest

Perimeter
Diameter

=
2πR
γ2R

=
π
γ

.

v = ωR → γ = γ(R)

dt = γ(R)dτ

Gravitation implies 
a distortion space 
a n d t i m e f r o m 
Euclidean geometry! 



Gravitational lensing!

Gravitation affect 
slight paths! 

0.87”



Georg Alexander Pick  
(1859-1942) 

How could Einstein transform his 
physical ideas and intuitions based on 
the Equivalence Principle into a 
gravitational field theory?

Georg Pick, in Praga, suggests 
Einstein appealing to tensor analysis. 



“The views of space and time which I wish to lay before you have 
sprung from the soil of experimental physics, and therein lies their 
strength. They are radical. Henceforth space by itself, and time by 
itself, are doomed to fade away into mere shadows, and only a kind of 
union of the two will preserve an independent reality.”

H. Minkowski, Köln, September 21st, 1908



                                   
                               
                    

F(gab)=k Tab

In 1912 Einstein returns to Zürich as Ordinary Professor and with Marcel 
Grossmann help studies the work of Riemann, Ricci, Levi-Civitta, en others.  



Spacetime

What is spacetime? 

     Spacetime is a physical system that “includes” both 
space and time. It is the only system that interacts with 
all other systems. 

How can we represent spacetime? 

     Spacetime can be represented by a differentiable, 4-
dimensional, real manifold. 



4-dimensional manifold

Spacetime



Manifold



Topological space



A differentiable manifold is a type of manifold that is locally similar 
enough to a linear space as to allow to do calculus.  

A homeomorphism or topological isomorphism or bi continuous 
function is a continuous function between topological spaces that 
has a continuous inverse function. 



Objects on the manifold

contravariant

Objects are defined by the transformation properties



Objects on the manifold

The tensor is n times contravariant, m times covariant

Tensor field

 



Minkowski metric

Spacetime: metric

We need to know how to measure distances over a manifold. These distances are the 
intrinsic separation between events of spacetime. We do this introducing a metric tensor.  
Spacetime, then, is represented by an order pair (M, g), where g is the metric tensor. 

Euclidean metric

Interval



Minkowski Spacetime 

Interval

Minkowski metric 
tensor

Proper time



Minkowski Spacetime 

There is a partial ordering of events. Simultaneity is not absolute 
in spacetime



Light cones









Light cones



Particle horizon

           



Light cones

43



More general space-times gμν = gμν(x)



Tetrads



For any set of basis vectors , we can define a second set of vectors called the dual 
basis vectors:

ea(x)





In an arbitrary spacetime it is always possible to find a reference system such 
that, locally, all laws of physics can be expressed in it as those valid for 
Minkowskian spacetime.  

Equivalence principle



Pseudo-Riemannian spaces



Pseudo-Riemannian spaces



Geodesic equation

If there are non-gravitational forces:

or



It is not a tensor!



The geodetic equation can be obtained independently of the Equivalence 
Principle. We can assume a more general principle: any spacetime trajectory of 
a free system is minimal. 

where  is the proper time and a is a constant with the dimensions of energy. 
Writing this in general coordinates, we have:

τ





Derivatives

The usual derivative is not tensor





Covariant derivative





Lie derivatives

      

      



The Lie derivative w.r.t. a Killing field annihilates the metric.

 ζµζµ is a Killing field: 
represents a global 
symmetry



From the equation of motion

The metric represents the potential of the gravitational field 
The connection the strength of of the field.  



Summing up



Pseudo-Riemannian spaces

 The form of the Riemann tensor for an affine-connected manifold can be 
obtained through a coordinate transformation that makes the affine connection 
vanish everywhere, i.e.



The problem is how curvature relates to the physical properties of 
material things. The most general aspect of things is their energy-
momentum representar by rank 2 tensor.  For a perfect fluid:  



Towards General Relativity



Einstein field equations

The field equations of General Relativity specify how the energy-momentum 
tensor is related to the curvature. 



Einstein field equations

The field equations of General Relativity specify how the 
energy-momentum tensor is related to the curvature. 



Einstein field equations

Bianchi’s identities



Einstein field equations

Comparing with the weak field limit:

This is a set of ten non-linear partial differential equations for 
the metric coefficients. In Newtonian gravity, otherwise, there is 
only one gravitational field equation. General Relativity 
involves numerous non-linear differential equations.



Einstein field equations



Einstein field equations

The conservation of mass-energy and momentum 
can be derived from the field equations:

Contrary to classical electrodynamics, here the field equations 
entail the energy-momentum conservation and the equations of 
motion for free particles (i.e. for particles moving in the 
gravitational field, treated here as a background pseudo-
Riemannian space-time).



Einstein field equations



Einstein field equations

In vacuum

The Ricci tensor vanishes. The curvature tensor, which has 20 
independent components, does not necessarily vanish. This means that 
a gravitational field can exist in empty space only if the 
dimensionality of space-time is 4 or higher. For spacetimes with lower 
dimensionality, the curvature tensor vanishes if Tµν = 0



Gravitation  in empty space can only exists if n>3

Why spacetime is 4D?



Einstein field equations with Λ

The field equations of General Relativity specify how the energy-
momentum tensor is related to the curvature. They are ten non-
linear differential equations for the metric coefficients.  

The set of equations is not unique: we can add any constant multiple of the 
metric tensor to the left member and still obtain a consistent set of 
equations:



Einstein field equations with Λ



Einstein field equations with Λ

If



                             

Hilbert’s way

δS =0



Hilbert’s way



Hilbert’s way



Einstein-Hilbert action







The Cauchy problem in GR

The Cauchy problem is the 
problem of given the metric 
tensor and its derivatives at one 
time , then construct the metric 
which corresponds to a vacuum 
spacetime for all future time.

x0



The Cauchy problem in GR

Let us prescribe initial data gµν 
and gµν,0 on S defined by x0/c=t. 
The dynamical equations are the 
six equations defined by



The Cauchy problem in GR

When these equations are solved for the 10 second derivatives 
∂2gµν/∂(x0)2, there appears a fourfold ambiguity, i.e. four 
derivatives are left indeterminate. In order to completely fix 
the metric it is necessary to impose four additional conditions. 
These conditions are usually imposed upon the affine 
connection:



The Cauchy problem in GR

The condition Γµ = 0 implies  2xµ = 0, so the 
coordinates are known as harmonic. With such 
conditions it can be shown the existence, uniqueness 
and stability of the solutions.

□



Conservation laws

For a perfect fluid

Continuity Euler

Taking the covariant derivative to both sides of Einstein’s equations and 
using Bianchi identities we get



Energy-momentum of gravitation

Because of the Equivalence Principle, it is always possible to choose a coordinate 
system where the gravitational field locally vanishes. Hence, its local energy is 
zero.

We can then define a quasi-tensor for the energy-momentum of gravity. Quasi-
tensors are objects that under global linear transformations behave like tensors.



Since tµν can be interpreted as the contribution of gravitation to the 
quasi-tensor Θµν, we can expect that it should be expressed in 
geometric terms only, i.e. as a function of the affine connection and 
the metric. Landau and Lifshitz (1962) found an expression for tµν 
that contains only first derivatives and is symmetric:



It is possible to find in a curved spacetime a reference system 
such that locally tµν = 0. Similarly, an adequate choice of 
curvilinear coordinates in a flat space-time can yield non-
vanishing values for the components of tµν. We infer from this 
that the energy of the gravitational field is a global property in 
GR, not a local one.



The Weyl tensor

The Weyl curvature tensor is the traceless component of the 
curvature (Riemann) tensor. In other words, it is a tensor that has 
the same symmetries as the Riemann tensor with the extra condition 
that metric contraction yields zero.



The Weyl tensor

In 4 dimensions



The Weyl tensor

In 3 or less dimensions      Cabcd=0   



The Weyl tensor

The absence of structure in space-time (i.e. spatial 
isotropy and hence no gravitational principal null-
directions) corresponds to the absence of Weyl 
conformal curvature:  

C2 = CabcdCabcd = 0. 

When clumping takes place, the structure is 
characterized by a non-zero Weyl curvature.



1916 1918

Two seminal papers













         

rp=8,4184(67) × 10-14 cm







+ waves







GW can propagate from 
the inflationary period, if it 
existed, to the present, 
contrary to EM waves

GWs



      















Joseph Weber











Templates for GWs from BBH coalescence 

Merger: highly nonlinear 
dynamics. (Numerical Relativity) 

Ringdown  
(Perturbation  
 theory) 

(Brady, Craighton, Thorne 1998) 

Inspiral (PN methods) 

(Buonanno & Damour 2000) 

Numerical Relativity, the 2005 breakthrough:  
Pretorius, Campanelli et al., Baker et al. …  
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Livingston

Hanford





LIGO's interferometer is 
classified as a  
Dual Recycled, Fabry-Perot 
Michelson Interferometer.



Gravitational waves detected by LIGO!

September 14th, 2015,  
09:50:45 UTC.  
Range: from 35 to 250 Hz









Implications of the detection of GWs:

- Gravitational waves exist 
- Compact objects very much like to black holes exist 
- Gravitational waves transport energy —> the spacetime has 

energy in absence of matter and can be considered as 
material as well, since it can act upon physical systems such 
as mirrors.  

- Spacetime has a dimensionality of n=4 or higher. 
- Existence is non-local.

Gravitational wave astronomy is born!





The Einstein Telescope has been proposed by 8 European research institutes: 

European Gravitational Observatory 
Istituto Nazionale di Fisica Nucleare 
Max Planck Society 
Centre National de la Recherche Scientifique 
University of Birmingham 
University of Glasgow 
NIKHEF 
Cardiff University

The arms will be 10 km long 
(compared to 4 km for LIGO, 
and 3 km for Virgo), and like 
LISA, there will be three arms 
in an equilateral triangle, with 
two detectors in each corner. 

The low-frequency interferometers (1 to 250 Hz) will use optics 
cooled to 10 K (−441.7 °F; −263.1 °C), with a beam power of 
about 18 kW in each arm cavity. The high-frequency ones (10 Hz 
to 10 kHz) will use room-temperature optics and a much higher 
recirculating beam power of 3 MW. 



Gravitational wave detection with pulsars

EPTA/LEAP
IPTA

International 
Pulsar Timing 

Array



NANOGrav stands for North American Nanohertz Observatory for 
Gravitational Waves. As the name implies, NANOGrav members are drawn 
from across the United States and Canada . Their goal is to study the Universe 
using gravitational waves. NANOGrav uses the Galaxy itself to detect 
gravitational waves with the help of pulsars. This is known as a Pulsar Timing 
Array, or PTA. NANOGrav scientists make use of some of the world's best 
telescopes and most advanced technology, drawing on physics, computer 
science, signal processing, and electrical engineering. 











Alternative theories of gravitation 

■ Scalar-tensor gravity (Brans & Dicke 1961)  
■ Gravity with extra-dimensions 
■ f(R) gravity



Scalar-tensor gravity

The masses of the different fundamental particles would not 
be basic intrinsic properties but a relational property 
originated in the interaction with some cosmic field.

Brans and Dicke introduced a scalar 
field  that determines the strength of G, 
i.e. the scalar field  determines the 
coupling strength of matter to gravity.



Scalar-tensor gravity

Evidence – derived from the Cassini–Huygens experiment – shows that the 
value of w must exceed 40,000.



In STVG theory, gravity is not only an interaction mediated by a tensor field, 
but has also scalar and vector aspects. The action of the full gravitational field is:





Gravity with extra-dimensions

In April 1919 Kaluza noticed that when he solved Albert Einstein's equations for 
general relativity using five dimensions, then Maxwell's equations for 
electromagnetism emerged spontaneously.



Gravity with extra-dimensions

The five-dimensional metric has 15 components. Ten components are 
identified with the four-dimensional spacetime metric, four components 
with the electromagnetic vector potential, and one component with an 
unidentified scalar field sometimes called the "dilaton".  

The five-dimensional Einstein equations yield the four-dimensional 
Einstein field equations, the Maxwell equations for the electromagnetic 
field, and an equation for the scalar field. Kaluza also introduced the 
hypothesis known as the "cylinder condition", that no component of the 
five-dimensional metric depends on the fifth dimension. 

Kaluza also set the scalar field equal to a constant, in which case 
standard general relativity and electrodynamics are recovered identically.



Cylinder condition:

Gravity with extra-dimensions

This equation shows the remarkable result, called the "Kaluza miracle", that the precise form 
for the electromagnetic stress-energy tensor emerges from the 5D vacuum equations as a 
source in the 4D equations: field from the vacuum.



Gravity with extra-dimensions



Gravity with extra-dimensions

The action  introduced by Kaluza describes 4-D gravity 
along with electromagnetism. The price paid for this 
unification was the introduction of a scalar field  called 
the dilaton (which was fixed by to be  =1) and an extra 
fifth dimension which is not observed.

In 1926, Oskar Klein proposed that the fourth spatial dimension is curled 
up in a circle of very small radius, so that a particle moving a short distance 
along that axis would return to where it began. The distance a particle can 
travel before reaching its initial position is said to be the size of the 
dimension. This extra dimension is a compact set, and the phenomenon of 
having a space-time with compact dimensions is referred to as 
compactification.



Gravity with extra-dimensions



Gravity with extra-dimensions



f(R)-Gravity

f(R) = a exp D(R) + b R   

f(R) = aR2 + b R



f(R)-Gravity

Higher than second order derivatives are possible in f(R) 
theory depending on the explicit form of the function f





Maxwell equations



Maxwell equations



Maxwell equations



Maxwell equations with gravity



Born-Infeld non-linear electrodynamics



Einstein-Maxwell equations



Energy of gravitational waves







Multipolar expansion



Compact source approximation 

Quadrupole-moment 
tensor of the energy 
density of the source



This suggests that, to a good approximation, we should make the identification:









The final expression is simply the energy density associated with the plane 
wave multiplied by its speed, and hence makes good physical sense as the 
energy flux carried by the wave in its direction of propagation.






